The critical behavior of two-dimensional O(N ) σ models with N ≤ 2 on the square, triangular, and honeycomb lattices is investigated by an analysis of the strong-coupling expansion of the two-point fundamental Green's function G(x), calculated up to 21st order on the square lattice, 15th order on the triangular lattice, and 30th order on the honeycomb lattice.
I. INTRODUCTION
The strong-coupling expansion is one of the most successful approaches to the study of critical phenomena. Many important results concerning physical models at criticality have been obtained by deducing the asymptotic critical behavior of physical quantities from their strong-coupling series.
We have calculated the two-point Green's function
of two-dimensional O(N) σ models on the square, triangular and honeycomb lattices, respectively up to 21st, 15th, and 30th order in the strong-coupling expansion. Such calculations were performed within the nearest-neighbor lattice formulation, described by the action
where s x is a N-component vector, the sum runs over all the links, and x l , x r indicate the sites at the ends of each link. The comparison of results from strong-coupling series calculated on different lattices offers the possibility of important tests of universality, which, if positive, strongly confirm the reliability of the final results. A complete presentation of our strong-coupling computations for O(N) σ models in two and three dimensions will be presented in a forthcoming paper. A preliminary report on our calculations can be found in Ref. [1] . On the square lattice our strong-coupling series represent a considerable extension of the 14th order calculations of Ref. [2] , performed by means of a linked cluster expansion, which have been rielaborated and analyzed in Ref. [3] . We also mention recent works where the linked cluster expansion technique has been further developed and calculations of series up to 18th order [4] and 19th order [5] for bulk quantities in d = 2, 3, 4 have been announced.
In this paper we focus on 2-d O(N) σ models with N ≤ 2. The analysis of our strongcoupling series for models with N ≥ 3, i.e., those enjoying asymptotic freedom, is presented in Ref. [6] .
Two-dimensional O(N) σ models with N < 2 should present a standard power-law critical behavior, and should be described at criticality by conformal field theories with central charge c < 1. The most physically relevant models in this range of values of N are self-avoiding random walk models and Ising models, corresponding respectively to N = 0 and N = 1. At N = −2 the critical theory has been proven to be Gaussian [7] , i.e., γ = 1, ν = 1 2 , and η = 0. Assuming universality with solvable solid-on-solid models, exact formulas for the critical exponents in the range −2 < N < 2 have been proposed [8] [9] [10] , interpolating the critical behaviors at N = −2, 0, 1, 2. The critical exponents of the magnetic susceptibility γ and correlation length ν are conjectured to be γ = 3 + a 2 4a(2 − a) ,
where the parameter a is determined by the equation
with the constraint 1 ≤ a ≤ 2. The exponent η can be obtained by the hyperscaling relation γ = (2 − η)ν.
In the limit N → 2 formulas (3) yield γ → ∞ and ν → ∞, suggesting that at N = 2 the critical pattern should not follow a power-law behavior. The XY spin model in two dimensions, i.e., the N = 2 model, is conjectured to experience a Kosterlitz-Thouless phase transition [11] of infinite order, characterized by a very weak singularity in the free energy and an exponential divergence of the correlation length at a finite β. This model should describe the critical properties of a number of two-dimensional systems, such as thin films of superfluid helium.
According to the Kosterlitz-Thouless (K-T) scenario, the correlation length is expected to behave like
for 0 < τ ≡ 1 − β/β c ≪ 1. The value of the exponent is σ = 1 2 and b is a non-universal positive constant. At the critical temperature, the asymptotic behavior for r → ∞ of the two-point correlation function should be (cfr. e.g. Ref. [12] )
with η = 1 4 and θ = 1 16 . Near criticality, i.e., for 0 < τ ≪ 1, the behavior of the magnetic susceptibility can be deduced from Eq. 
In addition, the 2-d XY model is characterized by a line of critical points, starting from β = β c and extending to β = ∞, with η going to zero as 1/β for β → ∞. At criticality the 2-d XY model should give rise to a conformal field theory with c = 1. Numerical studies based on Monte Carlo simulation techniques and high-temperature expansions seem to support the K-T behavior, but a direct accurate verification of all the K-T predictions is still missing. As pointed out in Ref. [13] , for β < β c the corrections to the asymptotic behavior (5) should become really negligible only at very large correlation lengths, out of the reach of standard Monte Carlo simulations on today's computers, which allow ξ < ∼ 100 (cfr. Ref. [14] , where simulations for correlation lengths up to ξ ≃ 70 were performed on lattices up to 512 2 ). Monte Carlo simulations supplemented with finite-size scaling techniques allow to obtain data for larger ξ. Ref. [15] shows data up to ξ ≃ 850, which, although consistent with the K-T prediction, do not really exclude a standard powerlaw behavior. 1
Finite-size scaling investigations at criticality are required to be very precise in order to pinpoint the logarithm in the two-point Green's function. On the other hand, if this logarithmic correction is neglected, the precise check of the prediction η = 1 4 at β c may be quite hard. The relevance of such logarithmic corrections and some of the consequences of neglecting them have been examined in Ref. [17] . Numerical studies by Monte Carlo renormalizationgroup and finite-size scaling techniques [16, 14] seem to favor a lower value of η, which might be caused by the neglected logarithm. The most accurate verification of the K-T critical pattern has been shown in Ref. [13] by numerically matching the renormalization-group trajectory of the dual of the XY model with that of a the body-centered solid-on-solid model, which has been proven to exhibit a K-T transition. The advantage of this strategy is that such a matching occurs much earlier than the onset of the asymptotic regime, where numerical simulations can provide quite accurate results.
The analysis of the strong-coupling series (cfr. e.g. Refs. [18, 19] , where a few moments of the two-point Green's function were calculated on the square and triangular lattices respectively up to 20th and 14th order for the special value N = 2) substantially supports the K-T mechanism, but it does not provide precise estimates for the exponents σ, η, and θ, probably for two reasons: (i) the asymptotic regime in the terms of the series may be set at very large orders; (ii) the logarithmic correction may cause systematic errors in most of the analysis employed.
The computation of strong-coupling series on the honeycomb lattice and the extension of series on the square and triangular lattices motivate a new strong-coupling analysis of the 2-d XY model. We focus on the K-T mechanism, searching for evidences of this phenomenon.
As already shown in Refs. [6, 20] , the strong-coupling analysis provides quite accurate continuum-limit estimates when applied to dimensionless ratios of universal quantities, even in the case of asymptotically free models, i.e., when the critical point is β c = ∞. We define some dimensionless ratios of scaling quantities (ratios of amplitudes) which characterize the low momentum behavior of the two-point function G(x), and estimate their values in the critical regime by directly analyzing their strong-coupling series. This will allow us to check how close the low momentum critical behavior of G(x) is to Gaussian behavior.
The paper is organized as follows:
In Sec. II we investigate the critical behavior of 2-d O(N) σ models with N ≤ 2 on the square, triangular and honeycomb lattices, extracting the relevant critical parameters by the analysis of the available strong-coupling series. For N < 2 we compare the strongcoupling estimates of the critical exponents with Eqs. (3) . For N = 2, i.e., the 2-d XY model, we verify the predictions of the K-T critical theory. In particular Sec. II A presents the general features of our strong-coupling analysis. Secs. II B, II C, II D and II E contain detailed reports of the derivations of the various results; they are rather technical and can be skipped by readers not interested in the details of the analysis. In Sec. II F the principal results are summarized and some conclusions are drawn.
In Sec. III we evaluate, at criticality, the values of some amplitude ratios concerning the low-momentum behavior of G(x). We will present results for the most physically relevant models with N ≤ 2, i.e., those with N = 0, 1, 2. We also discuss their implications on the low-momentum behavior of G(x) in the critical region of the symmetric phase.
In Sec. IV some new exact results concerning the asymptotic large-distance behavior of G(x) for the Ising models on the square, triangular and honeycomb lattices are presented.
In Apps. A, B, and C we present, for N = 0, 1, 2, the strong-coupling series of some relevant quantities used in this study, respectively for the square, triangular, and honeycomb lattice.
II. STRONG-COUPLING ANALYSIS OF THE CRITICAL BEHAVIOR

A. Analysis of the series
From the Green's function G(x) one can derive many interesting quantities. Defining the moments of G(x)
we computed on each lattice the magnetic susceptibility χ, and the second moment correla-
Models with N < 2 should have a power-law critical behavior, which may be appropriately investigated by analyzing the strong-coupling series of χ and ξ 2 G , in order to extract the critical exponents γ and ν. For N = 2, in order to check the exponential approach to criticality predicted by the K-T mechanism and extract the relevant exponent σ, as in Ref. [18] , we consider the strong-coupling series of the logarithm of χ and ξ G . More precisely, since χ = 1 + O(β) and ξ 2 G = 1 4 cβ + O(β 2 ), where c is the coordination number of the lattice (c = 4, 6, 3 respectively for the square, triangular and honeycomb lattice), we consider the series
According to Eqs. (5) and (7) l χ and l ξ should behave as
and are therefore suitable for a standard analysis by Padé or integral approximants. A vanishing exponent σ would indicate a standard power-law critical behavior. Conversely a stable non-zero value of σ would exclude a power-law behavior.
Estimates of the critical exponents can be obtained by employing the so-called critical point renormalization method (CPRM) [21] . The idea is that, when
we have
where now the position of the singularity is known. Therefore the analysis of the series C may provide an unbiased estimate for the difference between the critical exponents of the two functions A and B. In particular this idea can be applied to the case B = A 2 , allowing one to get a direct estimate of the critical exponent of A, provided a sufficiently large number of terms is known. The reliability of the determination of the critical exponent by this method may be checked by comparing the results for the critical point of an unbiased analysis with the exact result x c = 1.
A general technique to extract physical information from a nth order strong-coupling series S(x) = n i=0 c i x i is constructing approximants A(x) such that
and studying their singularities. For a review on the resummation techniques cfr. Ref. [22] . Other kind of approximants can be constructed as solutions of differential equations [23] . We consider integral approximants (IA's) obtained from a first order linear differential equation
where Q m (x), P l (x) and R k (x) are polynomials of order m, l, and k respectively, and we fix Q m (0) = 1. These approximants are singular at the zeroes x 0 of Q m (x), and behave as
where A(x) and B(x) are regular in the neighborhood of x 0 , and
When we analyze a nth order series, m, l and k must satisfy the condition k + l + m + 2 ≤ n . If the position of the singularity x 0 is known, such an analysis can be easily modified forcing the approximant to have a singularity at x 0 by substituting Q m (x)
is still a polynomial of order m withQ m (0) = 1. Unlike Dlog-PA's, IA's are suited to take into account subdominant terms in the vicinity of singularities, thus reducing possible systematic errors in the resummation of the series.
On the other hand, in order to get stable and therefore acceptable results, IA's require in general more terms in the series to be resummed than PA's or Dlog-PA's.
As a final estimate from each analysis we took the average of the results from quasidiagonal (non-defective) approximants (PA's or IA's) using all available terms of the series. The errors we display are just indicative, and should give an idea of the spread of the results coming from the various approximants which can be constructed from the series at hand. They are the square root of the variance around the estimate of the results coming also from quasi-diagonal approximants constructed from shorter series by one and two terms. In the following we will specify the approximants considered in each analysis. This procedure does not always provide a reliable estimate of the systematic error, which may be underestimated especially when the structure of the function cannot be well reproduced by the class of approximants used. A more reliable estimate of the true uncertainty should come from the comparison of results of different analysis of the same series, and from the analyses of series of different estimators of the same quantity, which in general are not expected to have the same analytic structure.
B. Critical behavior of models with −2 < N < 2
In order to determine the critical exponents γ and ν of 2-d O(N) σ models with N < 2, we analyze the strong-coupling series of χ and ξ 2 G on square (21st order), triangular (15th order) and honeycomb (30th order) lattices. For such models, an analysis of the 14 th order strong-coupling series on the square lattice, calculated in Ref. [2] , has been done in Ref. [3] .
For N = 0 (the self-avoiding walk), longer series are available [24, 25] . To compare with the literature, observe that we have [26] 
where c l (x) is the number of self-avoiding walks of length l going from 0 to x. Therefore χ = l β l c l , and
where c l = x c l (x) is the total number of self-avoiding walk of length l starting from the origin, and
is called the "mean end-to-end distance" in self-avoiding walks literature. Table I shows the results of a Dlog-PA analysis, reporting, for various values of N and for each lattice, β (χ) c and γ as obtained from the strong-coupling series of χ, and β (ξ) c and ν from that of ξ 2 G . Differences between β (χ) c and β (ξ) c should give an idea of the real uncertainty on β c . In the analysis of χ we considered Dlog-PA's with l + m ≥ 18 and m ≥ l ≥ 8 on the square lattice, l + m ≥ 12 and m ≥ l ≥ 5 on the triangular lattice, l + m ≥ 27 and m ≥ l ≥ 12 on the honeycomb lattice. In the analysis of β −1 ξ 2 G we considered Dlog-PA's with l + m ≥ 17 and m ≥ l ≥ 8 on the square lattice, l + m ≥ 11 and m ≥ l ≥ 5 on the triangular lattice, l + m ≥ 26 and m ≥ l ≥ 12 on the honeycomb lattice. We tried also IA's, obtaining consistent results, which however only in few cases turned out to be more precise than those of the Dlog-PA's, so we do not report them. For sake of completeness and also to give an idea of the precision we can achieve with such an analysis, in Table I we report also results for N = 0, 1 as obtained from our series, although exact results independent of the conjecture (3) exist for such values of N. We warn that the errors displayed in Table I are related to the spread of the results from the Dlog-PA's considered, according to the procedure described in the Sec. II A, and therefore they are not always reliable estimates of the uncertainty.
In the range −1 < ∼ N < ∼ 3 2 the formulas (3) for the exponents γ and ν are well reproduced, and universality is verified. Less precise determinations are obtained when approaching the endpoints N = ±2, presumably due to a rather slow convergence of the corresponding series to their asymptotic regime.
We note that for models with N > ∼ 1 on the honeycomb lattice the physical critical point is not the singularity closest to the origin, but there is a pair of closer singularities on the imaginary axis. For instance, in the Ising model the physical singularity is placed at β c = 1 2 (2 + √ 3) = 0.658478... and there is a pair of singularities atβ = ±iπ/6 [27] . Nevertheless Dlog-PA's of the magnetic susceptibility reproduce the physical singularity very precisely: the [15/15] Dlog-PA gives β c = 0.658480 and γ = 1.74993, to be compared with the exact result γ = 7 4 . The unphysical singularities can be mapped away from the origin by performing the change of variable β → z = tanhβ, where z is the character coefficient of the fundamental representation. With decreasing N, β c decreases while the above-mentioned imaginary singularities move away, so that at N < ∼ 0, the singularity closest to the origin is on the real axis, i.e., it is the physical critical point.
For later comparison with the strong-coupling analysis of 2-d XY model, we have also analyzed the series of l χ , defined in Eq. (10), for the Ising model on the square lattice. Since the critical behavior is of power-law type, l χ should have a logarithmic singularity at β c , and therefore an analysis like IA should give σ ≃ 0 [23] . Indeed most of the IA's of the 20th order series of l χ give |σ| < ∼ 0.02. We mention that a Dlog-PA analysis leads to misleading results in this case, since in order to reproduce the logarithmic behavior it gives rise to spurious singularities, which make the estimate of σ at β c unreliable.
C. The 2-d XY model on the square lattice
On the square lattice a strong-coupling analysis of the lowest moments of G(x) evaluated up to 20th order can be found in Ref. [18] . Having achieved further extension by one term of such series, we update here the situation on the square lattice. We note that the series obtained from our calculations (some of them are reported in App. A) present small discrepancies with those reported in Ref. [18] : they are in agreement up to 16th order, but slight different at higher order 2 . We are confident that our series are exact, since they were generated for arbitrary N and we have checked their N → ∞ limit against the exact solution, and compared them with the existing series for N = 0, 1.
We analyzed the 20th order series of l χ ≡ β −1 ln χ by both Dlog-PA's and IA's. We found β c = 0.560(2) and σ = 0.53(4) from Dlog-PA's (with l + m ≥ 18 and m ≥ l ≥ 7). The integral approximant analysis, whose details are given in Table II , leads to β c = 0.558 (2) and σ = 0.49(8) (considering IA's with m + l + k ≥ 19 and m ≥ l, k ≥ 5).
From the strong-coupling series of l χ and l 2 χ , we have constructed a new series λ χ according to CPRM, and analyzed it by standard methods: Dlog-PA's and IA's. We obtained σ = 0.51(4) by Dlog-PA's (with l + m ≥ 18 and m ≥ l ≥ 8) biased by imposing the presence of a singularity at x c = 1, and σ = 0.50(2) by biased IA's (with m + l + k ≥ 16 and m ≥ l, k ≥ 5). Table III shows some details of the IA analysis of the series of λ χ . From unbiased Dlog-PA's and IA's x c is found to be equal to one within a few per mille, assuring us on the reliability of the estimates of the exponent σ by this method.
The above unbiased analyses strongly support the K-T prediction (7) . Although the estimate of σ does not yet reach the high level of precision which is usually found in the analysis of strong-coupling series of considerable length, we can safely conclude that the value σ = 1 2 is well verified with an uncertainty of less than 10% on the square lattice. Unbiased approximants of l ξ give less stable but definitely consistent results: we found σ = 0.59(6) from CPRM, i.e., from an IA analysis biased at x c = 1 (with m + l + k ≥ 15 and m, l, k ≥ 5) of the series λ ξ constructed from l ξ and l 2 ξ according to CPRM. On the other hand by applying CPRM to the two series l χ and l ξ one may verify that σ χ = σ ξ . From an IA analysis biasing x c = 1 (with m+ l + k ≥ 15 and m, l, k ≥ 5) we found σ χ −σ ξ = 0.010 (6) , which represents a good check of Eq. (11).
Once σ = 1 2 was reasonably verified, we performed a set of biased analysis fixing σ = 1 2 in order to determine the critical point. A way to bias the value of the exponent at σ = 1 2 is to analyze the series of the square of l χ and l ξ by PA's. By doing so we obtained β c = 0.5579(3) from l 2 χ , and β c = 0.558(1) from l 2 ξ (we used PA's with l + m ≥ 17 and m ≥ l ≥ 8). Still biasing σ = 1 2 , IA's yield β c = 0.5583(2) form l χ , and β c = 0.559(1) from l ξ (here we determine, in a IA analysis biasing the position of the singularity, the value of β c which produces the exponent σ = 1 2 .) No complex singularities closer to the origin than β c are detected in the various strongcoupling analysis, thus indicating that β c is also the convergence radius of the strong-coupling expansion.
For β < β c we have compared χ and ξ G as obtained from our strong-coupling analysis with numerical data, available in the literature up to β = 1/1.96 = 0.5102... (corresponding to a correlation length ξ ≃ 70) by using standard Monte Carlo simulations [14] , and up to β = 1/1.87 = 0.5347... by employing also finite-size scaling techniques [15] . Actually most of the Monte Carlo data of ξ reported in Ref. [14] concern ξ exp , i.e., the correlation length extracted from the long distance exponential behavior of G(x), but as we shall see in the next section ξ G /ξ exp ≃ 0.999 at criticality. In order to get strong-coupling curves of χ and ξ G as functions of β, we used approximants constructed biasing σ = 1 2 , i.e., PA's of l 2 χ and l 2 ξ , and IA's of l χ and l ξ biasing σ = 1 2 . Fig. 1 compares strong-coupling curves of ln χ with the available Monte Carlo data. Table V reports estimates of ξ G by strong-coupling expansion and Monte Carlo simulations for various values of β. The agreement among the different calculations is satisfactory.
In order to determine the exponent η without biasing σ, we considered various quantities which can be constructed using the lowest moments of the two-point Green's function: . Furthermore, when analyzing the energy-series of A η (by performing the change of variable β → E and evaluating the corresponding approximants at E c ≃ 0.722, i.e., the energy value at β c ≃ 0.559 [14] ), we obtained again a rather stable result but η = 0.207 (5) , confirming the presence of a systematic error of about 10%.
A source of systematic error in this analysis is the O(τ σ ln τ ) correction expected in Eqs. (21) , (22) and (23) 
in the proximity of to β c . In the Dlog-PA's the above singularities should be mimicked by a pole shifted at a β larger than β c . Indeed in the analysis of the series of A η we have found a singularity typically at β ≃ 1.1 ÷ 1.2β c . This fact will eventually affect the determination of A η close to β c by a systematic error. However, since the singularity is integrable, the error must be finite, and the analysis shows that such errors are actually reasonably small. The behavior (21) , neglecting the logarithm, could be reproduced by IA's , but we did not obtain sufficiently stable and therefore acceptable results by them. As a further check we also performed a biased Dlog-PA analysis of the series of the quantity A η − 1 2 (1 − η) ∼ τ σ (neglecting logarithmic corrections). By fixing η = 1 4 and β c = 0.559 we found an exponent σ ≃ 0.6, which is satisfactorily close to the expected value σ = 1 2 . The exponent θ defined in Eqs. (6) and (7) may be extracted by the analysis of the series of the ratios χ/ξ 2−η G and m 4 /ξ 6 
Fixing η = 1 4 , we performed biased analyses of the 20th order strong coupling series of the above ratios imposing β c = 0.559. Dlog-PA's (with l + m ≥ 17 and m, l ≥ 8) provide the following estimates for θ (obtained taking σ = 1 2 ): θ = −0.042(5) from χ/ξ 2−η G , and θ = −0.05(2) from m 4 /ξ 6−η G , where errors take into account, beside the spread of the Dlog-PA results, also the uncertainty on β c . These numbers, although they confirm the fact that |θ| is small, are rather different from the K-T prediction θ = 1 16 . As already mentioned above, a source of systematic error for a Dlog-PA analysis is the correction O(τ 1/2 ln τ ) to the leading τ −θ behavior in formula (25) . Since θ is very small, this could cause a relevant departure from its true value. The analysis by IA's biased at β c ≃ 0.559 of the strong coupling series of the ratio χ/ξ 2−η G does not provide sufficiently stable results for θ.
D. The 2-d XY model on the triangular lattice
On the triangular lattice strong-coupling series of some lowest moments of G(x) have been calculated in Ref. [19] up to 14th order. We calculated G(x) up to 15th order, thus extending by one order earlier calculations. We must again mention the existence of discrepancies between our calculations (cfr. App. B) and those of Ref. [19] in the 14th order terms (again of the order of 10 −6 ).
We performed on the triangular lattice the kind of analysis presented in the previous Subsection for the square lattice. We analyzed the 14th order series of l χ ≡ β −1 ln χ by both Dlog-PA's and IA's. We found β c = 0.3413(3), σ = 0.52(2) from Dlog-PA's (with l + m ≥ 11 and m ≥ l ≥ 5), and β c = 0.33986(4), σ = 0.473(3) from IA's with m + l + k ≥ 12 and m ≥ l, k ≥ 3 (the apparent stability of these IA determinations should not be taken seriously, we remind again that what it is really important for estimating the uncertainty is the comparison of results from different analysis).
The CPRM applied to the strong-coupling series of l χ and l 2 χ gives σ = 0.53(1) by biased Dlog-PA's having a singularity fixed at x c = 1 (with l + m ≥ 12 and m ≥ l ≥ 5) and σ = 0.50(2) by biased IA's (with m + l + k ≥ 11 and m ≥ l, k ≥ 3). Table IV shows some details of the IA analysis. From unbiased Dlog-PA's and IA's, x c is found to be equal to one within a few per mille, assuring us on the reliability of the estimates of the exponent σ by this method.
The critical point renormalization method gives good results also when applied to the series of l ξ , leading to σ = 0.52 (4) . By applying CPRM to the two series l χ and l ξ one finds σ χ − σ ξ = 0.001(2) from an IA analysis biased at x c = 1 (with m + l + k ≥ 12 and m ≥ l, k ≥ 3).
We can conclude that the K-T prediction σ = 1 2 is strongly supported by the above results.
We also performed a set of biased analysis fixing σ = 1 2 in order to determine the critical point. By analyzing l 2 χ and l 2 ξ by PA's, we obtained β c = 0.3400 (2) and β c = 0.3393(1) respectively (from PA's with l + m ≥ 12 and m ≥ l ≥ 5). IA's of l ξ biased at σ = 1 2 yield β c = 0.3410 (5) , while when applied to l χ such analysis does not lead to relevant results, since it gives rise to spurious singularities in the real axis. A σ = 1 2 biased estimate of the critical point is then β c = 0.340 (1) .
We obtained estimates of η by resumming the series of A η and B η (cfr. Eqs. (21) and (22)) by PA's and Dlog-PA's and evaluating them at β c ≃ 0.340. PA's and Dlog-PA's of A η (with l + m ≥ 10 and m ≥ l ≥ 5) and of B η (with l + m ≥ 11 and m ≥ l ≥ 5) lead again to quite stable but slightly discrepant results: respectively η = 0.221(2) and η = 0.270 (4) . The causes of possible systematic errors in the determination of η are the same as for the square lattice, and we refer to Subs. II C for a discussion.
The analysis of the 14th order strong coupling series of χ/ξ 2−η G ∼ τ −θ biased by β c ≃ 0.340 (using Dlog-PA's with l + m ≥ 11 and l, m ≥ 5) yields the estimate θ = −0.045 (3), which is consistent with the square lattice result, but not with the K-T prediction. IA's does not provide sufficiently stable results also in this case.
E. The 2-d XY model on the honeycomb lattice
On the honeycomb lattice we calculated series longer than on the square lattice, up to 30th order. Here the possibility of reaching larger orders is related to the smaller coordination number. However longer series do not necessarily mean that more precise results can be obtained from their analysis. This possibility is related to the approach to the asymptotic regime of the series, which is expected to be set later on lattice with smaller coordination number. Actually, as we shall see, the 30th order series on the honeycomb lattice provide results consistent with the K-T theory and universality, but less precise that those obtained from the series on the square and triangular lattices.
Unbiased analyses of the series for l χ lead to: β c = 0.884(1) and σ = 0.55(1) from Dlog-PA's (with l + m ≥ 27 and m ≥ l ≥ 12), and β c = 0.877(6), σ = 0.4(2) from IA's (with m + l + k ≥ 27 and m ≥ l, k ≥ 8). The stability of Dlog-PA's is suspect in this case, indeed we found that, just by adding to the series a simple constant of the order of unity, the change in the estimate of σ turns out to be much larger than the error evaluated from the spread of the estimates of different approximants of the same series. Unlike PA's and IA's, the critical parameters provided by Dlog-PA's do not remain strictly invariant by adding a simple constant; this is only an asymptotic property of the Dlog-PA analysis. An analysis based on CPRM method fails to give stable results in this cases, probably because the available series are not sufficiently long to have their asymptotic regime set.
More stable results are obtained when biasing the exponent at σ = 1 2 . A check of consistency would be requiring that the critical points as extracted from l χ and l ξ are the same. We obtained β c = 0.879(1) from PA's (with l + m ≥ 26 and m ≥ l ≥ 13) of l 2 χ , and β c = 0.878(2) from PA's of l 2 ξ , which is satisfactory. It is worth noticing that, unlike what happens on the square and triangular lattices, on the honeycomb lattice the real singularity corresponding to the critical behavior of the theory is not the singularity closest to the origin in the complex β-plane. A pair of imaginary singularities at β ≃ ±i0.482 is detected in the analysis of the strong-coupling series of χ.
Taking as an estimate of the critical point β c ≃ 0.880, we evaluated η from the series of A η and B η defined in Eqs. (21) and (22) . Again the value obtained from A η is about 10% lower than 1 4 : η = 0.231(3) (from PA's and Dlog-PA's with l + m ≥ 26 and m ≥ l ≥ 11), and that from B η is about 10% higher: η = 0.28(1) (from PA's and Dlog-PA's with l + m ≥ 27 and m ≥ l ≥ 12). The behavior of the estimates from A η and B η observed in the various lattice seems to indicate that the source of systematic error is in a sense universal, i.e., it essentially depends on the quantity considered and approximately independent of the lattice.
We again estimated the exponent θ from the 29th order strong coupling series of the χ/ξ 2−η G . Dlog-PA's (with l + m ≥ 26 and l, m ≥ 13) biased at β c ≃ 0.880 give θ = −0.042 (6), which is consistent with the estimates from the other lattices.
F. Conclusions
We have studied the critical properties of 2-d O(N) σ models with N ≤ 2 on the square, triangular and honeycomb lattices, by analyzing the strong-coupling expansion of the lowest moments of the two-point fundamental Green's function.
The analysis of the strong-coupling series of χ and ξ 2 G on the square, triangular and honeycomb lattices has substantially confirmed that models with N < 2 present a standard power-law critical behavior with critical exponents given by Eqs. (3) . We obtained rather precise determinations of the critical exponents in the region −1 < ∼ N < ∼ 3 2 (cfr . Table I) , where formulas (3) are verified within 1%. The strong-coupling analysis becomes less precise approaching the endpoints N = ±2, presumably due to a rather slow convergence of the corresponding series to their asymptotic regime. Universality among models on the square, triangular and honeycomb lattices has been verified.
The determinations of β c and σ for the 2-d XY model on the three different lattices are summarized in Table VI . These results are consistent with the K-T exponential approach to criticality and with universality. The best estimates of σ come from the analysis of the series of the magnetic susceptibility, leading to a confirm of the value σ = 1 2 within an uncertainty of few per cent. The analysis of the series of the correlation length ξ 2 G yields consistent results. The critical point renormalization method [21] provides the most precise unbiased estimates of σ on the square and triangular lattices. These results rule out the possibility of a standard power-law critical behavior.
On the square lattice most estimates of β c yielded by our analyses lie in the range 0.558 ≤ β c ≤ 0.560, although the lowest value β c = 0.558 seems to be favored. This value is consistent with the results of an exponential fit to data of ξ up to ξ ≃ 850 [15] , which yielded β c = 0.5593 (13) and σ = 0.46(3), and with a biased exponential fit fixing σ = 1 2 to data up to ξ ≃ 70 produced by a standard Monte Carlo simulations [14] , which gave β c = 0.559(3). But it is slightly smaller than the quite precise Monte Carlo renormalization group determination of Ref. [13] : β c = 0.55985 (25) . The comparison of (suitable) resummations of the strongcoupling series of χ and ξ 2 G with Monte Carlo data (available up to ξ ≃ 850) turns out to be quite satisfactory (cfr . Table V) , giving further support to our conclusions.
The prediction η = 1 4 is also substantially verified. By using different estimators of η we control the systematic error of our analysis, which turns out to be about 10%, and within about 10% our estimates of η are always consistent with the value η = 1 4 . Substantial discrepancies from the Kosterlitz-Thouless theory are found in the estimates of θ we obtained on all lattices considered and using also different estimators. Our strong coupling analysis based on Dlog-PA's leads, similarly to the K-T prediction, to a small absolute value of θ, but it would favor the value θ ≃ −0.04, against the K-T value θ = 1 16 . Our strong coupling estimate seems to pass the universality check by changing lattice and estimator. On the other hand, we suggest some caution in considering our strong coupling estimate of θ. Given the smallness of its value, we cannot exclude that the observed discrepancy is due to systematic errors caused by the fact that Dlog-PA's cannot reproduce the correction O(τ 1/2 ln τ ) to the leading τ −θ behavior in formula (25) . Since this correction is expected to be present in all quantities we considered to estimate θ (even when defined on different lattices), if its coefficients in the various cases are quantitatively similar the error might be about the same, and explain the apparent universality of our results. Moreover, the more general analysis based on IA's does not provide sufficiently stable results when applied to estimate θ, likely because the available series are not sufficiently long to this purpose. We mention that in Ref. [17] an analysis based on Monte Carlo simulations led to the estimate θ ≃ 0.02, which is not consistent with both the K-T prediction and our strong coupling estimate.
III. LOW-MOMENTUM BEHAVIOR OF G(x) IN THE CRITICAL REGION
In this section we study the low-momentum behavior of the two-point fundamental Green's function in the critical limit of the symmetric phase. To this purpose, we consider the dimensionless renormalization-group invariant function
In the critical region of the symmetric phase L(p, β) is a function of the ratio y ≡ p 2 /M 2 G only, where M G ≡ 1/ξ G and ξ G ≡ m 2 /4χ is the second moment correlation length, already introduced in the previous section. L(y) can be expanded in powers of y around y = 0:
l(y) parameterizes the difference from a generalized Gaussian propagator. The coefficients c i of the low-momentum expansion of l(y) can be related to appropriate dimensionless renormalization-group invariant ratios of moments m 2j = x (x 2 ) j G(x). Let us introduce the quantities
v * 2j = 1 for a Gaussian critical propagator. One can easily write the coefficients c i in terms of v * 2j :
etc. The strong-coupling expansion of G(x) allows to calculate strong-coupling series of v 2j . Estimates of the coefficients c i can then be obtained, as we shall see, from the analysis of the combinations of v 2j corresponding to the r.h.s. of (30) . Another quantity which characterizes the low-momentum behavior of L(y) is the ratio s = M 2 /M 2 G where M is the mass-gap of the theory, i.e., the mass determining the long distance exponential behavior of G(x). The values s * of s in the critical limit is related to the zero y 0 of L(y) closest to the origin: indeed y 0 = −s * . s * is in general different from one; it is one in Gaussian-like models (i.e., when l(y) = 0), such as the large-N limit of O(N) σ models, while no exact results are known at finite N.
In the absence of a strict rotation invariance, one may actually define different estimators of the mass-gap having the same continuum limit. On the square lattice one may consider µ obtained by the long distance behavior of the side wall-wall correlation constructed with G(x), or equivalently the solution of the equation G −1 (p 1 = iµ, p 2 = 0) = 0. In view of a strong-coupling analysis, it is convenient to use another estimator of the mass-gap derived from µ:
which has an ordinary strong-coupling expansion
(µ has a singular strong-coupling expansion, starting with − ln β). One can easily check that M s /µ → 1 in the critical limit. Similar quantities M 2 t and M 2 h can be defined respectively on the triangular and honeycomb lattices, as shown in Apps. B and C. One may then consider the dimensionless ratios M 2 s /M 2 G , M 2 t /M 2 G and M 2 h /M 2 G respectively on the square, triangular and honeycomb lattices, and evaluate their fixed point limit s * , which by universality must be the same for all of them. From the available strong-coupling series of M 2 s and M 2 G on the square lattice, In order to determine s * , and the coefficients c i of the low-momentum expansion of L(y), we analyzed the strong-coupling series of the ratios M 2 s /M 2 G , M 2 t /M 2 G and M 2 h /M 2 G , and of the combinations of v 2j given in Eq. (30) . Beside the ordinary series in β, we also considered and analyzed the corresponding series in the energy. The change of variable from β to the energy E is easily performed by inverting the strong-coupling series of the energy E = β+O(β 3 ) and substituting into the original series in powers of β. We constructed PA's and Dlog-PA's (and sometimes as further check also IA's) of both the series in β and in E. While PA's provide directly the quantity at hand, in a Dlog-PA analysis one gets corresponding approximants by reconstructing the original quantity from the PA of its logarithmic derivative. Estimates at criticality are then obtained by evaluating the approximants of the β-series at β c , and those of the E-series at E c , i.e., the value of the energy at β c . In the cases in which E c is not known from independent studies, its estimate may be derived from the first real positive singularity detected in the analysis of the strong-coupling series of χ, or l χ for N = 2, expressed in powers of E.
In our analysis we considered quasi-diagonal [l/m] PA's and Dlog-PA's of the available series; more precisely, for a nth order series we considered those with
As a final estimate from each analysis we take the average of the results from the quasidiagonal PA's and Dlog-PA's using all available terms of the series. The errors we display are the square root of the variance around the estimate of the results from all non-defective PA's indicated by Eq.(33). By analyzing the above-mentioned series at N = 0, 1, 2 we obtained estimates of s * , and of some of the coefficients c i . The results for N = 2, i.e., for the XY model, are reported in Table VII , those for N = 1, 0 in Table VIII . Universality among the square, triangular and honeycomb lattices is in all cases well verified and gives further support to our final estimates.
For the XY model, the analysis of the E-series provides the most precise results on all lattices considered, leading to the estimates: s * = 0.9985 (5) ,
The errors displayed are a rough estimate of the uncertainty. For the Ising model, the two-point function in the scaling region is known analytically [28] . We obtained a benchmark for our strong-coupling computation by computing numerically the two-point function, following Ref. [28] , and performing a numerical integration of the results:
The analysis of the available strong coupling series on the square, triangular and honeycomb lattices lead to the final estimates:
The agreement with the exact results (35) is satisfactory. But the comparison shows also that the errors on the strong coupling estimates of s * and c 2 , essentially calculated using the variance of results from different PA's, are underestimated. We mention an earlier attempt to estimate s * for the Ising model by using shorter strong-coupling series on the square and triangular lattices [29] . For the self-avoiding random walk model we find:
The analysis of the coefficients c i with i > 3 becomes less and less precise with increasing i, but it is consistent with very small values. For instance, we found in all cases |c 4 | < ∼ |c 3 |. So, for all N considered, our strong-coupling analysis leads to the following pattern of the coefficients c i
This was also observed in models with N ≥ 3 by a study based on large-N and strongcoupling calculations [6] . As a consequence of (38), the value of s * should be essentially fixed by the term proportional to (p 2 ) 2 in the inverse propagator, through the approximate relation
This equation is satisfied within the precision of our analysis for N = 0, 2, and well verified by the exact results of the Ising model, where s * − 1 − c 2 ≃ 10 −5 . We can conclude that, like models with N ≥ 3, in the critical region the two-point Green's function for N ≤ 2 is almost Gaussian in a large region around p 2 = 0, i.e., |p 2 /M 2 G | < ∼ 1, and the small corrections to Gaussian behavior are essentially determined by the (p 2 ) 2 term in the expansion of the inverse propagator.
Differences from Gaussian behavior will become important at sufficiently large momenta, where G(p) should behave as
where η = 0: η = 5 24 for N = 0, and η = 1 4 for N = 1, 2.
IV. LOW-MOMENTUM BEHAVIOR OF THE ISING MODEL
So far we considered only the critical limit of the two-point Green's function. It has however been known for a long time that the correlation functions of the two-dimensional Ising model can be computed exactly for arbitrary values of β. As a consequence we may in principle check directly our computations for every individual coordinate-space Green's function. In practice we may perform our checks by exploiting a peculiar feature of the square lattice solution: for sufficiently large values of √ x 2 + y 2 (in units of the lattice spacing) the asymptotic behavior is described by [30] G(x, y)
where we have introduced the auxiliary variable
We recognize that the above result (41) corresponds to the behavior of a nearest-neighbor quasi-Gaussian model whose momentum-space propagator has the form
where g(p, β) vanishes at the polep 2 = −M 2 (β),
and
A straightforward but yet unobserved consequence of this observation is the algebraic relationship
where µ s and µ d are the coefficients of the long-distance exponential decay ("true mass-gap") on the side and along the principal diagonal of the square lattice. We verified that Eq. (46) is satisfied by our determinations of masses from wall-wall correlations and is consistent with the known relationship [29] µ s = ln cothβ − 2β.
We also checked that the residue at the polep 2 = −M 2 satisfies Eq. (44).
Motivated by this piece of evidence we investigated the possibility that the asymptotic behavior of the two-point Green's function of the Ising model on regular two-dimensional lattices be always dictated by the structure of the propagator
wherep 2 is the massless (nearest-neighbor) Gaussian inverse propagator appropriate to the lattice at hand, and g(p, β) vanishes at the polep 2 = −M 2 (β). This conjecture can be checked by considering the large-distance behavior of the correlations for the triangular and honeycomb lattices, as a function of the direction, and comparing the different available mass definitions with each other and with exact results.
On the triangular lattice we can define a "true mass-gap" µ l from the asymptotic behavior of correlations taken along a straight line of links and a wall-wall inverse correlation length µ t evaluated in a direction orthogonal to the above defined line (see App. B). In a Gaussian model one would obtain
Starting from the known solution [31] µ l = 2 ln
we checked that the relationship (49) is satisfied, since our series for µ t reproduces the expansion of
Finally on the honeycomb lattice two mutually orthogonal inverse correlation lengths can be defined by the relationships
where µ v and µ h are defined from the large-distance exponential behavior respectively of wallwall correlation functions G (w) v (x) and G 
Moreover from duality with the weak coupling phase of the triangular lattice model we obtained
and we checked that the expansion of the M 2 h is consistent with
while Eq. (53) is satisfied to all known orders of the strong coupling expansion.
In conclusion we may say that the quasi-Gaussian structure of the propagator, described by Eq. (48), is confirmed for all regular lattices and is a remarkable piece of evidence in favor of adopting the quantities M 2 , M 2 t and M 2 h respectively as strong-coupling estimators of the mass-gap, sharing the property of a well-behaved β-dependence and of a faster approach to universality in models with quasi-Gaussian behavior. It is probably worth observing that, since g(0, β) = 0, Eq. (48) does not allow an immediate identification of the moments m 2j , and in particular M 2 G = M 2 , and Z(β) is not the standard zero-momentum wave function renormalization but corresponds to the on-shell definition.
APPENDIX A: STRONG-COUPLING SERIES ON THE SQUARE LATTICE
In order to enable the interested readers to perform their own analysis, we present most of the series used to derive the results presented in this paper for N = 0, 1, 2. This appendix is devoted to the square lattice, the following ones to the triangular and honeycomb lattices.
For the self-avoiding random walk on the square lattice, longer series of M 2 G can be obtained from the strong-coupling series of χ and m 2 presented in Ref. [24] . We report our series of M 2 G for sake of completeness. and ν from that of ξ 2 G . Defective Dlog-PA's, i.e., those with spurious singularities close to the real axis for Reβ < ∼ β c (e.g., Reβ < 1.1β c ) are discarded. An asterisk indicates that most of Dlog-PA's considered are defective and the estimate comes just from a few of them, or in the cases where numbers are not shown that all Dlog-PA's are defective, so that no estimate can be extracted. TABLE II . First-order integral-approximant analysis of the 20th order strong-coupling series of l χ ≡ β −1 ln χ on the square lattice. Asterisks mark defective approximants, i.e., those having spurious singularities close to the real axis for Reβ < ∼ β c . TABLE V. The strong-coupling estimates of ξ G are compared with some available Monte Carlo results on the square lattice, taken from Ref. [14] and obtained by standard Monte Carlo, and Ref. [15] by finite-size scaling techniques. The strong-coupling estimates of ξ G , ξ (1) G and ξ (2) G , are obtained respectively from [9/9],[10/9], [9, 10] , [8/11] PA's of l 2 ξ , and from [5/6/6], [6/6/5], [6/5/6], [5/6/5], [5/5/6], [6/5/5] IA's of l ξ biased at β c = 0.559. We again warn that the errors displayed in the strong-coupling estimates are related to the spread of the different approximants considered. The asterisk indicates that the number concerns ξ exp , and not ξ G . TABLE VII. We report s * , c 2 and c 3 as obtained from the analysis of the strong-coupling series in β (first line) and in E (second line) on the square, triangular and honeycomb lattices. Beside the spread of estimates from different PA's and Dlog-PA's, the errors displayed take also into account the uncertainty on β c and E c . We do not report the estimates of c 3 by the analysis of the β-series because their uncertainty is much larger than those from the E-series. VIII. For N = 1 and N = 0 we report s * , c 2 and c 3 as obtained from the analysis of the available strong-coupling series in β on the square, triangular and honeycomb lattices. The analyses of the corresponding energy series provide consistent but less precise results, so we do not report their results. 1.0002(4) 0.0003(5) 0.00000(3) honeycomb (2 + √ 2) −1/2 = 0.541196... [9] 0.9998(2) 0.00010 (7) -0.00002 (1) 
